
J. GUIDANCE, VOL. 24, NO. 2: ENGINEERING NOTES 411

ORW controller displays a better noise attenuation than the LQRY
controller.

Conclusions
The ORW control applied to two aeroelastic systems results in a

better performance in terms of smoothness of response and decay
time, but a greater sensitivity to process noise when compared to
the traditional output-weighted optimal control. Its use may lie in
controlling well-modeled plants where robustness is less critical,
but where smoothness of response is important for issues such as
passenger comfort, or weapons aiming and delivery.
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I. Introduction

I N some tracking applications, location estimates are found by
� rst approximating the conditional distribution of the state vec-

tor with a Gaussian sum distribution. Gaussian sums have proven
their worth in various problems, particularly those with hybrid dy-
namic models.1 However, in an encounter involving multiple air-
craft, tracked with multiple sensors, and having multiple motion
modes, the number of possible hypothesesdelineating the temporal
evolution of the motion/observation path grows geometrically. If
each modal path is associated with an element in a Gaussian sum,
the comprehensive conditional density has too many terms. The
geometric growth in complexity forces a designer to simplify the
distribution through a process of mixture reduction.Several plausi-
ble methods of avoiding hypothesisbloating are provided in Ref. 2.

In this Note, the focus is on a single target that is maneuvering
in the plane. The maneuver path is created by changing the motion
mode of the aircraft, for example, coasting, turning, jinking, and
so on. If the modal path were known, conventionalmethods could
beused to estimatethe stateof the target.However, theunpredictable
(and unmeasured) modal dynamics create considerabledif� culty.
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To be more speci� c, suppose the motion model of the target is
de� ned on a particularprobabilityspaceand the time interval[0, T ].
There are two right-continuous, random processes: f8t g, a piece-
wise constant modal process ranging over an index set of size S,
and fwt g, a Brownian motion. The modal state Át is a unit vector in
IRS with state space fe1; : : : ; eSg. The component in Át with value
one marks the current motion mode. The modal dynamics are usu-
ally representedby an exogenousMarkov model with generator Q 0.
For notational convenience in what follows, ei is the i th canonical
unit vector in a space whose dimension is obvious from the context.
Where no confusion will arise, a subscript may identify time, the
componentof a vector, or the element of an indexed family with the
meaning determined by context; similarly a superscriptmay denote
a power operator or an element of an indexed family. If a process
is sampled, the discrete sequence so generated is written fy[k]g,
where the index denotes sample number rather than time. Condi-
tional expectation is denoted with a circum� ex, with the relevant ¾
� eld apparent from context.A Gaussian randomvariablewith mean
Oxt and covariance Px x is indicated by x » N.x̂t ; Px x / with the same
symbol used for the density function itself where no confusionwill
arise. If A is a positive symmetric matrix and x a compatible vector,
x0 Ax is denoted kxk2

A. Denote the inverse of a (positive) covariance
matrix, P , by D; for example, Di D .Pi /

¡1. If m is a vectorof condi-
tional means, the product Dm is denotedd, for example, di D Di mi .

Both time-continuous and time-discrete models have been used
in tracking applications, the latter formed by sampling the relevant
variables of the former. The linear, time-discrete hybrid model can
be derived from the time-continuousmodel as in Ref. 1:

x[k] D
X

i

.Ai x[k ¡ 1] C Ci w[k]/Ái[k ¡ 1] (1)

Á[k] D 5Á[k ¡ 1] C m[k] (2)

where fw[k]g is a unit Gaussian white sequence and fm[k]g is a
martingale increment sequence. The vector x[k] is called the base
state to distinguish it from the modal state. The modal transition
matrix 5 can be computedfrom Q in the customaryway. If the time-
continuous models are controllable from the plant noise process in
every regime, Ci and Ai are both nonsingular for all i . Label the
local plant-noise covariance by RÂ .i/ > 0.

In common applications, a sensor gives a linear (or linearizable)
measurement of the base-state vector:

y[k] D Hx[k] C n[k] (3)

where fn[k]g is a Gaussian white sequencewith positive covariance
Rx . The measurement rate is determined by the sensor and its uti-
lizationpolicy. The measurementsmay occur at a different rate than
the basic clock rate, usually much slower, and the sensor gain can
be made time dependent so that at times of no measurement the
observation is uninformative.

The initial plant-state categories are assumed to be independent
with probability distributions x[0] » N.Ox[0]; Px x [0]/ and Á[0] »
OÁ[0]. Denote the � ltration generated by the measurements by G[k].

The basic trackingproblem is that of estimatingx[k] on the basis of
G[k].

Investigators have studied hybrid-state estimation with an em-
phasis on time-continuousplants and a mix of time-continuousand
time-discrete observations. The polymorphic estimator (PME) is
a practical algorithm for approximating the Gt -regime probabilities
alongwith thoseGt moments importantin path following.1 The PME
is moment based and does not provide the Gt -distribution function
of the hybrid state.

The motion model is a hybrid in which the kinematics are repre-
sented in the conventional manner, and the mode is represented by
a random regime process. Good location estimates are produced at
reasonable computational cost by algorithms that approximate the
conditionaldensity of the kinematic state using an S-fold Gaussian
sum; these are also called path-length-onealgorithms because they
look back one step in the evolution of the modal process:

q[k] D
SX

l D 1

®l[k]N.ml[k]; Pl[k]/ (4)
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In a parallel effort, the reference probability method was used to
develop the Gaussian wavelet estimator (GWE) (see Refs. 3 and 4).
When the trajectorydiscontinuitiesand the measurementbiases that
give the GWE its special characterare neglected,a path-length-two
version of the GWE (looking back two steps) would be

q[k] D
SX

i; j;l D 1

®i
jl[k]N

¡
m j

l [k]; P j
l [k]

¢
(5)

Equations(4) and (5) and the distributionsthat followwill be written
in either their normalized

X

l

®l D 1

or equivalently, in their unnormalized
X

l

®l 6D 1

form without comment. The coef� cients f®l[k]g are viewed as the
conditionalprobabilitiesof the modal states Á[k], and the Gaussian
primitives are viewed as the conditional densities of the base state
given the currentmodal state. Equation (4) has been used both when
the modes do not communicate [the multiple model adaptive esti-
mator (MMAE)5] and when they do [the interactingmultiple model
estimator (IMM)6]. The IMM is particularly effective because it
uses a sophisticated merging step to convert a path-length-one al-
gorithm to one with performance approaching the path-length-two
algorithm.

The GWE has much in common with the IMM, for example, a
bank of parallel Kalman � lters. However, the hypothesis-merging
step in theGWE is considerablydifferent.In contrastto the IMM and
the MMAE, the GWE requires pruning to maintain a � xed number
of terms in the distribution. It is the objective of this Note to show
that the increased complexity is justi� ed in applications in which
the observation rate is low. When the observation rate is high, the
simpler algorithms perform as well and are easier to implement.

II. Multiple Model Estimators
The distribution-based,time-discrete, estimation problem can be

posedas follows.Suppose that at time t D kT theG[k] densityof the
hybrid state is approximated by Eq. (5) [or its analog, Eq. (4)]. The
fundamental mapping is that from .®i

jl[k]; m j
l [k]; P j

l [k]; y[k C 1]/
to .® i

jl[k C 1]; m j
l [k C 1]; P j

l [k C 1]/. When certain discontinuities
and biases are absent, the recurrence formula for the unnormalized
conditional density of the hybrid state can be derived using the
reference probability approach.1 To avoid geometric growth in the
number of terms, a mixture reduction step is required. The path-
length-two reduction to Eq. (5) is presented in Ref. 7.

The GWE can be most concisely stated in a mixed covariance-
information form.8 The information matrix is the inverse of the
covariance matrix, and instead of framing the estimator using fm l g
and fPl g as coordinates, the information � lter also propagates fdl g
and fDl g. Denote the matrix form P i jl

yy D Rx C H 0 P i¡
jl H . Then, for

GWE recurrence, extrapolate i; j; l 2 S,

mi¡
jl [k C 1] D Ai m

j
l [k] (6)

P i¡
jl [k C 1] D Ai P j

l [k]A0
i C RÂ .i/ (7)

and update i; j; l 2 S,

1diC
jl [k C 1] D H 0 Dx y[k C 1] (8)

1DiC
jl [k C 1] D H 0 Dx H (9)

where 1d iC
jl [k C 1] D diC

jl [k C 1] ¡ di¡
jl [k C 1] (similarly

1D iC
jl [k C 1]). De� ne

L i
jl D

­­Di jl
yy [k C 1]

­­¡ 1
2 exp 1

2
1

®®miC
jl [k C 1]

®®2

D iC
jl

[k C 1]

The weighting coef� cients in the GWE satisfy the following.For
GWE modal recurrence, update, for i; j; l 2 S,

®i¡
jl [k C 1] D L i

jl ®
i
jl[k C 1] (10)

Transition, for p; i; j; l 2 S,

®
pi
jl [k C 1] D 5pi ®

i¡
jl [k C 1] (11)

Before the iteration is complete, mixture reduction is needed. In
Ref. 2, densities are merged on the basis of their size and distance
from the principal components. In the GWE, mixture reduction is
achievedby retaining a single element from each path of length two
preceding the current modal state using the conventionalGaussian
sum merging formula. As a notational convenience, denote the
normalized family of ®

pi
jl (or similar families) by N® pi

jl . The mixture
reduction formula is

®i
jl[k C 1] D

SX

p D1

N®i j
lp[k C 1]; mi

j [k C 1] D
SX

l D 1

miC
jl [k C 1] N®i¡

jl

(12)

P i
j [k C 1] D

SX

l D 1

¡
P iC

jl [k C 1] C
¡
miC

jl [k C 1] ¡ mi
j[k C 1]

¢
.¢/0

¢
N®i¡

jl

(13)

The recurrence of the GWE estimator is complete, and the various
moments of interest can be computed in the conventionalmanner.

The IMM has a similar form but begins with a less differenti-
ated Gaussian sum. As was the case in the GWE, extrapolation
update in the IMM utilizes a set of S Kalman � lters. The � lters
are initialized with fml[k]; Pl[k]I l 2 Sg, and after an observation,
each generates a residual, rl[k C 1]D y[k C 1] ¡ Hml[k C 1]¡

with pseudocovariance P l
yy[k C 1]. The IMM (and the MMAE)

employs the residuals to update the modal estimate (Ref. 9). Let
Ml D jDl

yy[k C 1]j1=2 exp ¡ 1
2
krl[k C 1]k2

D l
yy[k C 1]

. Then, for IMM
modal recurrence,update, for l 2 S,

®¡
l [k C 1] D Ml ®l[k C 1] (14)

Transition, for p; l 2 S,

®l[k C 1] D
SX

p D 1

5l p®¡
p [k C 1] (15)

The IMM does not require mixture reduction to maintain the correct
number of hypotheses. Merging after a measurement is, however,
required for good performance, and the required formulas are given
in the references.

The IMM and the GWE perform common operationson the data.
Both algorithms require S Kalman � lters, but in the GWE, each � l-
ter extrapolatesmore initial conditions.The fundamentaldifference
between the algorithmsarises from the way they utilize the observa-
tion to improve modal estimation. Each � lter in the IMM generates
a residual. The bigger this residual is, normalized by the informa-
tion matrix Dl

yy[k C 1], the smaller is the factor that multiplies the
a posteriori mode probability.This is plausible because an incorrect
� lter will have a large, and probably biased, residual for the most
part. The GWE adjusts the modal probabilities in a different way,
emphasizing hypotheses that maximize the normalized change in
the magnitude of mi

jl . This does not have the intuitive appeal of
residual minimization, but as will be seen, it is quite effective in
certain situations.

III. Path-Following Example
Measurement sample rates for target tracking vary according to

the application, and in some cases they are relatively slow; for ex-
ample, in air traf� c control, the interval between samples may be
5 s (the ASR-9 air traf� c control surveillance radar10 ). In other ap-
plications, the sample rates are intentionally reduced to the degree
possible. In sessions devoted to tracking maneuvering targets using
a phased array radar at the 1994 and the 1995 American Control
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Conferencemeetings, the performancemetric used was “minimiza-
tion of the number of radar dwells” while satisfying a constraint
on loss of track.11 In such applications, an engineer seeks to de-
termine the minimum measurement rate required for satisfactory
path-followingperformance.

To illustrate, consider an aircraft maneuvering at nearly constant
altitude and speed, for example, in the XY plane. A simple, kine-
matic equation can be used to delineate the motion:

d

µ
Vx

Vy

¶
D

µ
0 ¡8

8 0

¶µ
Vx

Vy

¶
dt C

µ
1 0

0 1

¶
d

µ
wx

wy

¶
(16)

Fig. 1 Tracking the path of the target using radar 2, T = 5 s.

Fig. 2 Mean radial tracking error: radars 1 and 2.

The kinematic state consists of the velocity vector .Vx ; Vy/ and its
integral, the position vector .X; Y /. The primary forcing function is
the maneuver turn rate f8t g, and there is also a small wideband ac-
celeration fwt g of intensity W0It D E[wt w0

t ] to account for a variety
of high-frequencyeffects.

To contrast the performanceof estimators of varying complexity,
we will track the target using a location sensor (a radar) located at
the origin of the coordinate system with noise that is additive and
uncorrelated(in space and time), zero mean, and Gaussian. Radar 1
has a 1-¾ range error of 20 m and a bearing error of 4 mr (40-m
cross range at 10 km). Radar 2 has a 1-¾ range error of 40 m and
bearing error 2 mr . These radars are of good quality: Compare the
100-m Cartesian error in both directionsin Ref. 12 (with correlation
between components) and Ref. 10 and the 110-m range and 3.5 mr
bearing error in Ref. 13.

The sensor can operate with intersample period T in the interval
[1, 9] s. This range covers the ATC application and that found in
Ref. 13 .T D 4:5 s/. The sample rate is greater than that used in
Ref. 12 (T D 10 s) because of the agility of the target. The intensity
of the local target acceleration is W0 D 0:2; greater than W0 D 0 in
Ref. 12 and W0 D 10¡6 in Ref. 10 but not enough to stabilize the
IMM in all circumstances.

The target follows a path created by coasts and left or right turns
at rate 10 deg/s. A Markov maneuvermodel can be producedfor the
targetusingconventionalmethods.The initialconditionsfor theesti-
mators are as follows.Coast mode is favoredinitially,with the initial
standard deviation in location equal to 100 m and velocity equal to
22 m/s. The sample interval used to discretize the time-continuous
model is 0.5 s, and for convenience, each of the estimators is ini-
tialized at the initial target state.

A sample path showing the response of the GWE and the IMM
when radar2 is used is shown in Fig. 1 for T D 5 s. The path is gener-
ated without wideband accelerations,and the trackers receive iden-
tical observations. The target is detected at .X0; Y0/ D .0; 10/ km,
moving with a velocity of .Vx0 ; Vy0 / D .0:2; ¡0:2/ km/s. The path
of the aircraft is the continuous curve. An error ellipse (from the
computed covariance) of size 1.4¾ is centeredon the mean estimate
and displayedevery 0.5 s. It is evident that, followingan update, the
location estimates from the algorithms tend to be close to the target
and close to each other.The GWE ellipsesenclose the path with one
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signi� cant exception in the last turn.The IMM generatessmaller el-
lipses. This makes following the last turn more problematicbecause
of the ambiguity inherent in the measurement residuals.

To quantify the relative performanceof the trackers better, 50 in-
dependent observation sequences were generated for several mea-
surement rates. The same measurement sequenceswere used as the
input to each algorithm, and the results were time and ensemble
averaged. Figure 2 shows mean radial tracking error for each radar.
The GWE and the IMM are shown along with the performance of
a path-adapted Kalman � lter that provides a (unrealizable) lower
bound. For fast samplers (less than 3 s), the GWE conveys little
bene� t. As the intersample interval increases, modal identi� cation
becomes more important, and the GWE becomes the algorithm of
choice. In this low plant-noiseenvironment, the Kalman � lter is rel-
atively insensitive to sample rate: The radial error is approximately
120 m.

Above sample intervals of T D 3 s, the GWE achieves the per-
formance of the IMM with a sample interval about 1 s slower. The
IMM has some sample rate resonances at low rates. At rates below
0.17 Hz, the IMM generates singular sample covariances on some
sample paths. When this occurs, the mean radial error is not plotted
in Fig. 2. The IMM can be stabilized by adding pseudonoise (as is
done in the extended Kalman � lter in Ref. 14) at the expense of an
increase in the size of the error ellipses. This was not done here;
all algorithms used the same encounter parameters and the same
observation data.

IV. Conclusions
High-quality estimation of a dynamic hybrid system requires

carefulmixturereduction.Performanceis not always commensurate
with complexity. The GWE and the IMM differ little when the in-
termeasurement time is small. At long intermeasurement intervals,
the GWE is the algorithm of choice.
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